
C. Structure Groups of Fiber Bundles

given a fiber bundle
F → E

↓ P

B

we have local trivializations

UCB open and a diffeomorphism

p
- '

( U) U ✗ F

p

°

↓ Pi

u

and for two local trivializations (4,10, ) and cuz , %) we have

Knud ✗ F ptu, nor)¥ @invzx F

☒ LP Lp,
Vin"

4204,
"
: (4×4) ✗ F→ (U, ✗4) ✗ F

H .y)↳ (✗
i Tz , 1×1 1¥ group of

where Tz, : U, nvz → Homes (F)
homeomorphisms

↑
transition function or

clutching function

note : if { (4. %) } a collection of local trivializations

such that B = U v2

then the transition maps satisfy
THIN = Id

ftp.xlxl-fapl-DJ " (*)

Trakl = Top 1×1 ◦ Tpd✗I



exercise : show that it {y } is a cover of B by open

sets and Tap : Vinny→ Homer (F) are maps

satisfying * ) then 3- a bundle E over that

realizes this data

Ain't : let E- = Ck ✗F))/
~
where ix.y ) c- kxF ~ (x :y

'

)EYs✗F
itt

Tp✗ (x) (y) = y' and ✗=X
'

there is an obvious projection to F- → B

exercise : Find an open cover and transition functions for

s
'

→ 5^+1 → TS
"

↓
R2"→Tap

"

↓
EP
"

S
" ¥p "

suppose Gcttomeo (F) is a sub topological group (we will only
consider closed subgroups )

if
F→ E

↓ P has a collection of transition functions
B

Tap : Varus → 6

we say E has
structuregroup

G

if the trasition functions are not in 6 but can be

homotoped to be in
'

G via a homotopy that



always satisfies 1*1 then we say the

structure group reduces to
G

note : If 6 preserves some structure on the F,
then the fibers of p : E-→ B have this structure

examples :

1) it F= IR
"

and G = Gun ; IR) c Homes(Pi)
then each fiber has a linear structure

i.e. E is a vector bindle

2) if F= IR
"

and G = GEIn ; IR) , then E

is an greened vectorbundledit F = IR " and G = OH
,
then E

is a vector bundle with a- metric

note : 0 In) →Gun; IR) is a homotopy

equivalence ⇒ all bundles have metrics !

4) if F = 1122"
,
then

G-- GL Cn; e) ⇔ E has ample structures
G- vent ⇔ E- has a Hermitianstructure

5) if F = IR " and G = GUN × GL Cu-Mc GL (a)

CA
,
B) 1- (of %)

then E has structuregroup G

⇔



E E E, ⊕ Ez

for E. an Ith- bundle and E
,
an IR

"

bundle

scimitar ly if G = GL (n-k) a Gun) then

E- has structuregroup G
⇔

E- = E-
'

⊕ IRK with E '

an IR
"-b-bundle

so when can you reduce the structuregroup
?

if 6 is a Lie group for topological group) then a bundle
c.→ P

temp
is a principal G-bundle if

I a smooth (or continuous ) right G-action

P ✗6 → p

such that

1) action preserves fibers

1. e
. yep

- '

t) ⇒ yg c-p
- '

Ix) Vg, ×,y
2) 6 acts freely and transitively on p

-

Yx) th

Remark : can also define a smooth principal G-bundle

as a smooth manifold P with a smooth right
G-action P ✗ G → P that is free andproper

if for map P✗G→Pxp
(pg)↳ (p-

g,p)

pre winage of compact is compact



examples :
1) if

F→E

↓µ
is a bundle with structuregroup

G

then there is a cover of M by hoc
.
triv. { (4. %)}

with transition functions Tap : Van Up→ 6

we can construct a principal bundle as follows

P ¥ 4×6/~

where * ,g) C- 4×6 ~ ( x '
, g

'

) C- Up ✗ 6

⇔

g
'
= Tp✗ (x) -

g
✗ = ×

'

To

exercise : check PE is a principal G-bundle

it E is a vector bundle then PE is a principal
GL Ini IR) - bundle

.

It is called the frame

bundle because you can think of the

fibers of PE as frames for the fibers of E-

exercise : think through this

we denote this bundle 7-(E)

note : 0in) ≈ Gun ; IR ) so we could look at the

orthonormal frame bundle with fiber

0147
,
still call it 9-(E)



2)
S

'
→ 524+1

is a principal s
'
- bundle

↓
Ep
"

3) regular covering spaces of a manifold are

principal bundles

exercise : Check this .
What are the fibers ?

can an irregular cover be a

principal bundle ?

exercise :

1) Show a principal G- bundle is trivial ⇔ it has a section
2) If E is a vector bundle

, then a section of E

is the same as a Gun
,
IR ) - equivariant map

vi. 9- (E) → IR
"

lie
. My •g) = g-

' vcy) )

Hint : given s : M→ E then for each y c- 7- (E)

let Vly)= s (p c-D) expressed in frame y
t
projection p : 9-(E)→M

Construction :
p

Given ↓m a principal G- bundle , and

p : G → G
'

a homomorphism lot liegroups)
where 6

'

c Homero (F)



then we can construct an F- bundle with

IEEE-
-

P xp F
=
P✗

ftp.g
,
f) ~ (p, peg) -f)

exercise :

1) Describe Pxpf using local trivializations

2) if F = 6
'

then P xp
G
'

is a principal G
'

-bundle

3) it E is a vector bundle
,
then

E- I 9-(E) xp IR
"

where f- idGun.IR )

4) recall Glen, IR) acts on CR
" )* in a natural way

e.g. given A EGLCn.ir) we have

A : IR
"
→ Rn

so

1-
*

:#
*

→

*

µ :Ñ→iR)i→ l ◦A :B"→ IR

call this p* : GL Cn;/R ) → GL (④
"F)

check 1-
*

ME 9- (Tn) xp *MY

5) Similarly 64h ; A) acts on MINT in a



natural way Gun ; IN
GL (NMF)

check 1k IT*A = 7- (TM) xpn MMM

now given a principal G-bundle
P

↓m and a subgroup It < G

it 1- a principal H -bundle Pac P then one
can check

pµ ✗ * G E P : It
,g) ↳ f-'9

↑
It acts on 6 by multiplication

is a bundle isomorphism
this isomorphism shows that the transition
functions for P could be chosen to have iuiage in H

so the structure group
of P reduces to H

note : if the structure group of 7-(E) reduces from Gun;D

to H, then so does the structure group of E :

E- I 7-(E) ✗
µ
Rn

H < Gun;IR) act on IR
"

so we have turned questions about the structure group

of a vector bundle E into questions about the

structuregroup of principal bundles

Even more ! classifying vector bundles with structure
group

H is the same as classifying principal



bundles with structure group
H
.

P
now given a principal G-bundle ten and a

subgroup H < 6 weget the bundle
not nec. a

P/µ with fiber %
£

group !

th
lemma 12 :

let P be a principal G- bundle and H < 6

reductions of the structuregroup of P to H

are in one - to -one correspondence with

sections of PIH

Proof :

⇔) given a reduction we have
P
µ
→ P

!
and so

p
*/µ
→ P/H

=



⇔ note P PIA is a principal H-bundle
if s : µ → P/it is a section

,
then

,mats(xD
C P is a principal

H -bundle
☒-

example : since Gani Ryan, is contractible and
bundles with contractible fibers always have
a section (exercise : check this ! or better

see next section) we see 7- (E)µ, has

a section and so all vector bundles have

metrics !

So how can we tell if Pla has sections ?

answer : see next section
.

Obstruction Theory


